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Main Result

Induced Automorphism on the First Homology Group

In this poster we consider holomorphic foliations on CP 2 form the class A2; those foliations which in a fixed affine
neighbourhood C2 ≈ CP 2 \ I are generated by a quadratic vector field. The objective of the poster is to present
some results about topological rigidity of such foliations which are appear on [6].

In the same way we defined the action Φ on the fundamental group of I \ D we can define a map

Theorem. A generic foliation from the class A2 has a neighbourhood in this class such that any other
foliation in this neighbourhood which is topologically equivalent to the first foliation must be affine equivalent
to the original foliation. No assumptions are being made about the conjugating homeomorphism.

Ψ : Topo(F)
(F, H) 

/
/

Aut(H1(I \ D; Z))

Ψ(H)

where Ψ(H) is the automorphism on the first homology group of I \ D defined by

The key step in the proof of this statement is showing that topologically equivalent foliations must have their
monodromy groups at infinity analytically conjugated in a canonical way.
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Genericity Assumptions




H1(I \ D; Z)
Let us consider foliations F from the class A2 which satisfy the following conditions:
(i) The line at infinity I is invariant;
(ii) The foliation F only has hyperbolic singularities;
(iii) The monodromy group at infinity GF is non-solvable.

H1(I \ D; Z)
/

φ(H)

Topological Invariance of the Characteristic Numbers

The first two conditions determinate a (complex and real, respectively) Zariski open set on A2. The genericity of
condition (iii) is discussed in [7].

The characteristic numbers of the singular points at infinity are topological invariants for generic foliations. Generically they are pairwise distinct.
Lemma. There exists a neighbourhood Ω ⊆ U of F in A2 such that for any other foliation Fe ∈ Ω topologically
conjugated to F by a homeomorphism H : CP 2 → CP 2 the homeomorphism H preserves the numbering of
the singular points at infinity; this is, for every i = 1, 2, 3 H(ai ) ∈ Di.

Key Lemma
Let F be a generic foliation from A2. Denote by Σ = Sing(F) ∩ I = {a1, a2, a3}. Let D1, D2, D3 be open disks
centred at a1, a2, a3 respectively and define D = ∪Di. Let us choose a base point b ∈ I \ D.
Denote by U the set of foliations in A2 with invariant line I and having their singularities at infinity on D; one
singularity on each Di.

The Action on Homology is Always Trivial
e is an orientation preserving homeomorphism which extends to all of I and
From the fact that H : I \ Σ → I \ Σ
satisfies the condition H(ai ) ∈ Di it can easily be deduced that the automorphism Ψ(H) is always the identity
map.

We can choose canonical generators of π1(I \ Σ, b), say γ1, γ2 in such a way that for any other foliation Fe the loops
e b). In this way, for every Fe ∈ U we obtain canonical
γ1, γ2 above will still be canonical generators of π1(I \ Σ,
eγ , ∆
e γ of the monodromy group at infinity G e .
generators ∆
1
2
F
Lemma. Let F, Fe be generic foliations from A2 which are topologically conjugated and sufficiently close.
Then their monodromy groups at infinity are canonically conjugated; there exists a germ of biholomorphism
h0 : (C, 0) → (C, 0) that conjugates the canonical generators of the groups GF and GFe :
e γ ◦ h0 .
h0 ◦ ∆γ i = ∆
i

Induced Automorphism on the Fundamental Group
Suppose F and Fe are topologically conjugated by a homeomorphism H. We can assume that H fixes the point b.
e deformation retract onto the manifold I \ D.
Both of the infinite leaves I \ Σ and I \ Σ

Figure 2

Relationship Between Φ and Ψ
We know by Hurewicz Theorem that H1(I \ Σ; Z) is naturally isomorphic to the abelianization of π1(I \ Σ, b). Let
q : π1(I \ D, b) → H1(I \ D; Z) be the canonical projection. Through q every automorphism on π1(I \ D, b) descends
to a unique automorphism on H1 (I \ D; Z). This assignment gives raise to a natural and surjective homomorphism
Q : Aut(π1(I \ D, b)) → Aut(H1(I \ D; Z)). The following diagram commutes:
π1(I \ D, b)

Φ(H)
/

π1(I \ D, b)
q

q

Figure 1
Denote by H the restriction H = H|I\Σ. The homeomorphism H induces an automorphism of the group π1(I\D, b)
in the following way:
H∗
/
e b)
π1(I \ Σ, b)
π1(I \ Σ,
r∗′

r∗
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/

Ψ(H)
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Lemma. The kernel of the homomorphism Q is exactly the group of inner automorphisms on π1(I \ D, b)
and so for any foliation Fe ∈ Ω topologically equivalent to F and for any conjugating homeomorphism H the
automorphism Φ(H) is an inner automorphism.




π1(I \ D, b)

/

Φ(H)

π1(I \ D, b)

Conclusions

We get a well defined map
Φ : Topo(F) → Aut(π1(I \ D, b)).
e H) in U × Homeo(CP 2) such that F and Fe are topologically
Where Topo(F) denotes the set of all pairs (F,
conjugated by H and the homeomorphism H fixes the point b.

Idea Behind the Proof

The above argument proves the Key Lemma.
The Main Result can now be easily deduced from the work of Yu. Ilyashenko [2], [4].
In [6] it is proved a slightly stronger result than the Key Lemma, namely
Theorem. Let F, Fe be generic foliations from A2 which are topologically conjugated and sufficiently close.
Then there exists a homeomorphism H0 that conjugates F with Fe and has a trivial action on the fundamental
group.

Suppose H conjugates foliations F and Fe and induces the automorphism Φ(H) ∈ Aut(π1(I \ D, b)). If Φ(H) is
the identity then the monodromy groups GF and GFe are canonically conjugated.
Question: Are there any other values of Φ which imply that the monodromy groups are canonically conjugated?
Suppose Φ(H) is an inner automorphism on π1(I \ D, b). Namely there is an element λ ∈ π1(I \ D, b) such that
Φ(H) is defined by
Φ(H)(γ) = λ · γ · λ−1.
Then we know there exists an analytic germ h : (C, 0) → (C, 0) that conjugates the monodromy groups at infinity
of F and Fe in the following way:
eγ ◦ h
h ◦ ∆Φ(H)−1(γ) = ∆
But Φ(H)−1 (γ) = λ−1 · γ · λ and so
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