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Abstract

Consider a polynomial vector field of degree n > 2 on C2. In
the generic case, 1t has n? isolated singularities, and the foliation
it defines on P2 has an invariant line at infinity with n + 1 singular
points.

Each equilibrium carries two analytic invariants: the spec-
trum of its linearization matrix. Each singular point at infinity
carries one analytic invariant: 1ts Camacho-Sad index. Define
the extended spectra of singularities to be the collection of these
2n? 4+ n + 1 numbers.

These numbers are constrained by classical index theorems:
the Euler-Jacobi relations, the Camacho-Sad theorem and the
Baum-Bott theorem. A simple dimensional argument shows that,
for each fixed degree n, there must exist yet more algebraic re-
lations among these numbers. Not one of these hidden relations
were, until very recently, known.

In the quadratic case, there 1s only one such hidden relation.
In this poster we will exhibit and explain this last relation. More-
over, we will show that it does not come from an index theorem.
In fact, we show that any possible “index-theorem-like equation”
can be deduced from the classical index theorems, hence conclud-

ing the lack of existence of new index theorems. These results can
be found in [1].

Introduction

Any polynomial vector field v on C* defines a singular
holomorphic foliation 5, on IP2. We will only consider here
those vector fields whose induced foliations have 1solated
non-degenerate singularities and an invariant line at infin-
ity; these assumptions are generic.

Definition. Denote by ), the space of all quadratic vector
fields v on C? having exactly 4 isolated singularities, and
such that the foliation /, has an invariant line at infinity
carrying exactly 3 singular points.

The extended spectra of singularities

Let p € C? be a singular point of v. We define the spectrum
of v at p as the ordered pair

Spec(v, p) = (tr Dv(p), det Dv(p)).

Denote by £ the invariant line at infinity: £ = P?\ C?,
and let p € L be a singular point of F,. The characteristic
number of p 1s defined to be the Camacho-Sad index

A, p) = CS(F,, L, p).

Definition. The extended spectra of singularities of a vec-
tor field v € V; 1s the collection of the spectra of v at each
of its singular points on C?, together with the Camacho-Sad
indices of the singularities of J, at infinity.

Remark. Affine equivalent vector fields have the same ex-
tended spectra. In fact, two generic quadratic vector fields

are atfine equivalent if and only if they have the same spec-
tra [2].

The extended spectra consists of 11 complex numbers: 8
coming from the spectra and 3 characteristic numbers at in-
finity. The aim of this poster 1s to give a complete descrip-
tion of all the algebraic relations among these 11 numbers.

The classical relations

The extended spectra are related by the following four clas-
sical index theorems:

1
> = (), (EJ1)
v(p):()det Du(p)
tr Dv(p)
> = (), (EJ2)
U(p):()det Du(p)
Y BB(F,p) = 16, (BB)
peSing F,
Y CS(F.L.p)=1. (CS)
peLNSing F,

Dimension count

On one hand, the space V» has dimension 12, and the group
Aff(2,C) is 6-dimensional. Hence, the geometric quotient
V, /) Aff(2,C) has dimension 6. On the other hand, the
extended spectra, which consists of 11 numbers modulo 4
relations, 1s a space of dimension 7. The gap 1n the di-
mensions implies that there must exist at least one more
algebraic relation among these numbers. We call this the
hidden relation.
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The hidden relation

Let us number the singularities of v as py, . . ., p;.
Denote Spec(v, pr) = (tg, di), and let Ay, Ao, A3
be the characteristic numbers at infinity. Let A be
the product A = A\ AoAs.

Definition. Let S be the graded polynomial ring
S = Clty, to, t3, d1, do, d3], where t;. are of degree
1 and dj. of degree 2. The variables of .S do not
include ¢, and d,, because we can use (EJ1) and
(EJ2) to solve for them.

Theorem 1. There exist homogeneous polynomi-
als Hy, Hy, Hy, € S of degree 14 such that every
generic quadratic vector field v € V, satisfies the
following equation

Hy(t,d) A* + Hy(t,d) A + Hy(t,d) = 0.

Moreover, the above relation is independent from
the identities (EJ1), (EJ2), (BB), (CS).

Index Theory

An index theorem consists of two parts: an index,
which 1s a number we assign to a singularity of
a vector field, foliation, space or map; and a Lef-
schetz number that measures some global prop-
erty of our geometric object. An index theorem
should satisty the following:

e The index depends only on the local behavior
around the singularity,

e The index 1s invariant under analytic equiva-
lence.

e The sum of the indices taken over all singulari-
ties equals the Lefschetz number.

Cornell University

Any 1ndex theorem for generic polynomial vec-
tor fields on C* may be written as

n? n+1
Z indez(v, pr) + Z indg(Fy, wi) = L(n).
k=1 j=1

Moreover, the indices may only depend on the
extended spectra. Note that all of the classical
relations on the extended spectra come from in-
dex theorems. The following result implies that
there are no more index theorems for (generic)
quadratic vector fields on C2.

Theorem 2. There exists no pair (R, r) consisting
of a rational function R on C® and a symmetric
rational function r on C° with the property that
every quadratic vector field with non-degenerate
singularities satisfies the relation

R(tl, dl, c . ,t4, d4) = 7“()\1, )\2, )\3),

except for those that can be derived from the pre-
viously known relations: Euler-Jacobi, Baum-
Bott and Camacho-Sad.

The proof of Theorem 1 and Theorem 2 can be
found 1n [1].
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